The logarithmic Bloch space B log is the Banach space of analytic functions on the open unit disk D whose elements f satisfy the condition f sup z∈D 1 − |z| 2 log 2/ 1 − |z| 2 |f z | < ∞. In this work we characterize the bounded and the compact weighted composition operators from the Hardy space H p with 1 ≤ p ≤ ∞ into the logarithmic Bloch space. We also provide boundedness and compactness criteria for the weighted composition operator mapping H p into the little logarithmic Bloch space defined as the subspace of B log consisting of the functions f such that lim |z| → 1 1 − |z| 2 log 2/ 1 − |z| 2 |f z | 0.
Introduction
Let X and Y be Banach spaces of analytic functions on a domain Ω in C, ψ an analytic function on Ω, and let ϕ be an analytic function mapping Ω into itself. The weighted composition operator with symbols ψ and ϕ from X to Y is the operator W ψ,ϕ with range in Y defined by
where M ψ denotes the multiplication operator with symbol ψ, and C ϕ denotes the composition operator with symbol ϕ. Let H D be the set of analytic functions on D {z ∈ C : |z| < 1}. For 0 < p < ∞ the Hardy space H p is the space consisting of all f ∈ H D such that The space B log arises in connection to the study of certain operators with symbol. Arazy 2 proved that the multiplication operator M ψ is bounded on the Bloch space if and only if ψ ∈ B log ∩ H ∞ . In 3 , Brown and Shields extended this result to the little Bloch space. The space B log also arises in the study of Hankel operators on the Bergman one space. The Bergman space A 1 on D is defined to be the set of analytic functions f on D whose modulus is Lebesgue integrable over D.
The Hankel operator H f on A 1 is defined as H f g I − P fg , where I is the identity operator, and P is the standard Bergman projection from L 1 into A 1 . In 4 , Attele showed that H f is bounded on A 1 if and only if f ∈ B log . The study of operators with symbol on the logarithmic Bloch space began with the characterizations of the bounded and the compact composition operators given in 5 by Yoneda. In 6 , Galanopoulos extended these results to the weighted composition operators on B log . He also introduced a class of Banach spaces Q p log p > 0 closely related to B log and studied the Taylor coefficients of the functions in B log . In 7 , Ye characterized the bounded and the compact weighted composition operators on the little logarithmic Bloch space B log,0 . See 8, 9 for the study of the weighted composition operators on Bloch spaces and weighted Bloch spaces.
In this paper, we characterize the bounded and the compact weighted composition operators from the Hardy space H p with 1 ≤ p ≤ ∞ to the logarithmic Bloch space B log as well as to its subspace B log,0 . The paper consists of five sections. Specifically, in Section 2, we 
Proof. a ⇒ b . For n ∈ N, the function p n z z n is bounded and p n ∞ 1. Therefore, if W ψ,ϕ is bounded, then ψϕ n B log ≤ W ψ,ϕ . b ⇒ c Let C be an upper bound for ψϕ n B log , n ≥ 0. Taking n 0, we deduce that ψ B log ≤ C, so ψ ∈ B log .
For N ∈ N and n ≥ 2, define the sets
2.1
Fix an integer N > 2, and z ∈ D. For z ∈ E N , by the product rule, we have
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In the proof of Theorem 2 of 10 , it was shown that
as |z| → 1. On the other hand, since ψ ∈ B log,0 , II → 0 as |z| → 1. Therefore,
Journal of Function Spaces and Applications c ⇒ a Assume that c holds. To prove that W ψ,ϕ is bounded, it suffices to show that W ψ,ϕ f ∈ B log,0 for each f ∈ H ∞ , since the boundedness of the operator can be shown as in the proof of Theorem 2.1. Since ψ ∈ B log,0 , for f ∈ H ∞ and z ∈ D, we have
as |z| → 1. On the other hand, by 2.6 ,
as |z| → 1. Hence,
as |z| → 1, completing the proof.
In Section 3, we shall prove that all bounded weighted composition operators from H ∞ into B log,0 are compact.
Compactness of W ψ,ϕ from H
∞ into B log and B log,0
The following criterion for compactness follows by a standard argument similar, for example, to that outlined in Proposition 3.11 of 11 . 
The proof of the following result is similar to the proof of Lemma 1 of 12 . Hence we omit it.
Lemma 3.2. A closed set K in B log,0 is compact if and only if it is bounded and satisfies the following:
We now introduce two one-parameter families of functions which will be used to characterize the compactness of the operators under consideration. 
3.3
Eliminating ψ w , we obtain that ψ w ϕ w ϕ w
Thus, for |ϕ w | > r ∈ 0, 1 ,
Taking the limit as |ϕ w | → 1, we deduce that 
3.9
Then, for w ∈ D, noting that 1 − |ϕ w | 2 |f n ϕ w | ≤ f n ∞ ≤ C, we obtain that 1 − |w| 
3.11
On the other hand, for |ϕ w | ≤ r,
Thus, by the uniform convergence to 0 of f n and f n on compact sets, we see that 3.11 holds also in this case for n sufficiently large. Hence, ψ f n • ϕ ≤ ε for n sufficiently large. Since |ψ 0 f n ϕ 0 | → 0, we deduce that ψ f n • ϕ B log → 0 as n → ∞. 
3.14
The left-hand side of 3.14 can be written as Therefore, there is r ∈ 0, 1 , such that for |z| > r, as |z| → 1. Since ε is arbitrary, the result follows. c ⇒ a Let {f n } be a bounded sequence in H ∞ converging to 0 uniformly on compact subsets, and let C sup n∈N f n ∞ . We wish to show that W ψ,ϕ f n ∈ B log,0 and W ψ,ϕ f n B log → 0 as n → ∞. As shown in the proof of c implies a of Theorem 3.3, for z ∈ D and n ∈ N,
as |z| → 1. Thus, W ψ,ϕ f n ∈ B log,0 . The convergence to 0 of W ψ,ϕ f n B log is proved as in the case of the operator mapping into B log .
From Theorems 2.2 and 3.4, we obtain the following result. In the special cases when ϕ is the identity, respectively, ψ is identically 1, we obtain the following results. 
W ψ,ϕ from
We begin this section with two useful point evaluation estimates that will be needed to prove our results. 
4.3

